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Up to this point: Discrete-time linear systems with linear constraints.

We now consider MPC for systems with

1. Continuous dynamics: described by one or more difference (or
differential) equations; states are continuous-valued.

2. Discrete events: state variables assume discrete values, e.g.

 binary digits {0, 1},

N, Z, Q, . . .

 finite set of symbols

Hybrid systems: Dynamical systems whose state evolution depends on an
interaction between continuous dynamics and discrete events

Introduction
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Hybrid dynamical systems
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• Variables are binary-valued

xℓ ∈ {0, 1}nℓ  , uℓ ∈ {0, 1}mℓ

• Dynamics= finite state machine

• Logicconstraints

• Variables are real-valued

xc ∈ Rnc , uc ∈Rmc

• Difference/differentialequations

• Linear inequalityconstraints



Technological push for studying 
hybrid systems
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Examples of Hybrid Systems
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 Vehicle

discrete command  

(R,N,1,2,3,4,5)

+

continuous dynamical  

variables (speed, torque, ...)

continuous commands (brake  

& gas pedal)



Examples of Hybrid Systems
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 DC/DC Converter

Continuous dynamics: states vl, il, vc, ic, v0, i0
Discrete events: S= 0, S = 1 

Mode 2 (S=0)
Mode 1 (S=1)
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Key requirements for hybrid models
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′x =  A x  + B u

y =  Cx + Du linear hybridsystems

• Descriptiveenough to capture the behavior of the system

– continuousdynamics (physical systems)

– logic components (switches, automata)

– interconnectionbetween logic and dynamics

• Simpleenough for solving analysis and synthesis problems

. . ′x =  f  (x, u, t)

y =  g(x, u, t)

“Perfection is achieved not when there is nothing more to add,  

but when there is nothing left to take away.”

A.deSaint-Exupéry  

(1900–1944)



Piecewise affine systems 
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x(k + 1) = A i (k )x(k) + B i (k )u(k) + f i (k )

y(k) = C i (k )x(k) + D i (k )u(k) + gi(k)

i(k ) s.t . H i (k )x(k) + J i (k )u(k) ≤ K i (k )

• PWA systems can approximate nonlinear dynamics arbitrarily well  

(even discontinuousones)

x(k+1)

x(k)



Examples:

 linearization of a non-linear system at different operating point ⇒
useful as an approximation tool

closed-loop MPC system for linear constrained systems

When the mode i is an exogenous variable, the partition disappears 
and we refer to the system as a Switched Affine System (SAS)

Piecewise Affine (PWA) Systems
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Binary States, Inputs, and Outputs

Remark: In the previous example, the PWA system has only  
continuous states and inputs.

We will formulate PWA systems including binary state and inputs by 
treating 0–1 binary variables as:

Numbers, over which arithmetic operations are defined,

Boolean variables, over which Boolean functions are defined

Piecewise Affine (PWA) Systems
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Boolean Algebra: Basic Definitions and Notation

Piecewise Affine (PWA) Systems
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Example:

Piecewise Affine (PWA) Systems
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Discrete Hybrid Automaton (DHA)
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Finite StateMachine

Mode Selector
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mode

discrete
time
counter

discrete

xℓ ∈ {0, 1}nℓ

uℓ ∈ {0, 1}mℓ

δe ∈{0 , 1}ne

=   binarystate

=   binaryinput

=  eventvariable

xc ∈Rnc

uc ∈Rmc

i ∈{1, . . . , s }

continuous

=   real-valuedstate

=   real-valuedinput

=  currentmode



Switched affine system
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discrete

continuous

• The affinedynamicsdepend on the current mode i(k):  

xc(k + 1) = A i (k )xc(k) + B i (k )uc(k) + f i (k )

xc ∈ Rnc , uc ∈Rmc



Event generator

18

continuous

discrete



Finite state machine
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discrete

continuous

• The binary state of the finitestatemachineevolves according to a Boolean  

state update function f B  : {0 , 1 }n ℓ + m ℓ + n e → {0 , 1}nℓ :

xℓ(k + 1) = f B (xℓ(k), uℓ(k), δe(k))

• Example: xℓ(k + 1) = ¬δe(k) ∨(xℓ(k) ∧uℓ(k))

xℓ ∈  {0 , 1}nℓ , uℓ ∈ {0 , 1}mℓ

δe ∈ {0, 1}ne



Transformation of a DHA into linear 
(in)equalities
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Mixed Logical Dynamical (MLD) 
systems
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Boolean formulas as Linear Integer Inequalities

Mixed Logical Dynamical (MLD) 
systems
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Analytic Approach

Mixed Logical Dynamical (MLD) 
systems
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Mixed Logical Dynamical (MLD) 
systems
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MLD Hybrid Model.Well-Posedness
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HYSDEL

 based on DHA

enables description of discrete-time hybrid systems in a 
compact way:
automata and propositional logic
continuous dynamics
A/D and D/A conversion
 definition of constraints

automatically generates MLD models for MATLAB

 freely available from:

http://control.ee.ethz.ch/~hybrid/hysdel/

HYbrid System Description Language
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