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Optimal Control for l—lybrid Systems: @

General Formulation

Consider the CFTOC problem:

N-1

J*(z(t)) = min P(-’f‘w + Z (T, ug, Op, 1),
k=0

T4l = AI;; + B]_ Up + .B‘;gfiji‘ + B"gﬁk

<t 4 Exdp + Ezzi < Eyx + Erug + Es

IN € rt}'
| 70 = z(i)

where £ € [R"™ x {[], 1]-”‘“, u € RMe % {ﬂ._ 1}”“’, y € RBPe x {ﬂ._ 1}“, d {{], 1}”
and z € BR™ and

Mixed Integer Optimization
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Mixed Integer Linear Programming

Consider the following MILP:

inff, .. ceze+ cyz+d
subj. to Geze + Gpzp < W
z. € R%, z, € {0,1}%

where z, € R 2, € {0,1}%

m MILP are nonconvex, in general.

m For a fixed Z, the MILP becomes a linear program:

inf[zc_zb] clze + (¢'bZy + d)
subj. to G.z. < W — Gp3
z. € R

m Brute force approach to solution: enumerating the 2* integer values of the
variable z; and solve the corresponding LPs. By comparing the 2% optimal
° costs one can find the optimizer and the optimal cost of the MILP.




Mixed Integer Quadratic Programming @

% o e
\-’r\:‘;,"/'n {J‘.L}) &y

Consider the following MIQP:

infl, ., 37Hz+¢qz+r

subj. to Geze + Gpzp < W
ze € R%, z, € {0,1}%
z =z, 2], 8 = 8 + 84

where H =0, z. € R z, € {0,1}*.

m MIQP are nonconvex, in general.

m For a fixed integer value Z, of z;, the MIQP becomes a quadratic program:

inf[z:] %3::Hr_~3c + q::z + k
subj. to Gz, < W — Gp3
z. € R

m Brute force approach to the solution: enumerating all the 2% integer values
of the variable z, and solve the corresponding QPs. By comparing the 2°
optimal costs one can derive the optimizer and the optimal cost of the MIQP.

L
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Branch & bound method for MIQP @

* We want to solve the following MIQP

min V(z)£1 32'Qz+c'z z e R"
s.t. Az<b Q=0Q =0
IC{l,....n}

z €4{0,1}, Vie !l

¢ Branch & Bound (B&B) is the simplest (and most popular) approach to solve the
problem to optimality

¢ Keyidea:

— for each binary variable z;,1 € I, eitherset z; = 0,orz; = 1,0r z; € [0, 1]

- solve the corresponding QP relaxation of the MIQP problem

- use QP result to decide the next combination of fixed/relaxed variables

L
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Branch & bound method for MIQP @

St
QP relaxation

min  1zQz+ cz
s.t. Az< b
0< zi< 1,Viel

zi€ {0, 1},Viel .
MIQP yes yes
solution integer » MIQP infeasible
found feasible (I?c ky case)

(lucky case)

start branching ...

L




Branch & bound method for MIQP @

Bt w0
b D2 ol W0

e Branchingrule: pick theindex i such thatz; is closest to 17 (max fractional part)

e Solvetwo new QP relaxations

. min  ;zQz+ cz
s.t. Az< b
0< zi< 1,Viel

e

min  7zQz+ cz

s.t. Az< b
2= 0 -
O<zi<s|,VjeLjE i min 7z Qz+ cz
s.t. Az< b
: : ) zi=1
e Possibly exploit warm starting from QP 0<zi<,Vjel ji i

@ when solving new relaxations QP; and QP, J
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[Branch & bound method tor MIQP J @

S [T P fr
""v,/'th. W0

QP

infeasible

@

yes

stop branching
on subtree

yes

keep branching ...

update
upper bound
Voz V*
onMIQP

solution

~
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[Branch & bound method tor MIQP J @

§ ol sy 0
M DL 217

The cost V|, of the best integer-feasible
solution found so fare gives an upper
bound ¥, = V* on MIQP solution

» stop branching

(adding further equality
constraints can only increase
theoptimal cost)

@ keep banching
N\ /
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[Branch & bound method tor MIQP J @

¢ S b
MO ey 4T

o While solving the QP relaxation, if the dual costis available it gives a
lower bound to the solution of the relaxed problem

e The QP solver can be stopped wheneverthe dual cost > 1 !

This may save a lot of computations

* When no further branching is possible, either the MIQP problem is
recognized infeasible or the optimal solution z* has been found

o p
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Hybrid Model Predictive Control

x(tk+1) = Ax(k)+ Biu(k) + B26(k)+ B3z(k) + Bs
yk) = Cx(k)+ Diu(k)+ D26(k) + D3z(k)+ Ds

Er6(k) + Ezz(k) < Esx(k)+ Eiu(k)+ Es

reference

r(k)

>

model-based
optimizer

control
input

r’,

u(k)

measurements

output

process

>

y(k)

Use a hybrid dynamical model of the process to predict its

future evolution and choose the ‘“‘best’’ control action
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MIQP formulation of Hybrid MPC @

¢ Finite-horizon optimal control problem (regulation)

N-1
min Z Y Qi + up Rug

k=0

( Tk+1 = .:"’].Ik + Bl Uy + Bgﬂk + B;gzj; + Bﬁ
<t ) e = Cxp+ Dyug + Dady + Daz + Dy
o Esdp + Eazp < Eyrp + Eqjug. + Es

L rg = x(t)

Q=0 =0,R=R =10
e Treat u;,d;. z; asfree decision variables, k =0,....N — 1

* Predictions can be constructed exactly as in the linear case
ke—1

k ' -
rr = A 19 + Z AJ{BITL;;_I_.? + Bgﬂk_l_j + Bgzk_l_j + B;,:J
§=0




MIQP formulation of Hybrid MPC @

~ 5 e
5 7]
\-’r\;_,‘/f‘.lﬂ, el

e After substituting =, y;. the resulting optimization problem becomes the
following Mixed-Integer Quadratic Programming (MIQP) problem

ming & HE+2'(H)F'E+ s/ ()Y x(t)
s.t. GE< W + Sx(t)

e The optimization vector £ = [ug, ..., un—-1,80,..-,0N—1,20,---,2N—1] has

mixed real and binary components

up € R™e x {{]: 1}"1#
rj'k c {[], 1}?‘;, g e Mf‘\flrnc-ﬂ'c} W {ﬂ', 1}1"'1'[:]‘154-1‘51
zp € R"

o

~
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Hybrid MPC for reference tracking @

- ey N
S op o7, ks

¢ Consider the more general set-point tracking problem

N-1
ming Z e — r||‘%. + ||ux — 'Hr||1;1
=0

-.-||
—+7 | -

rellz + 10k — 6115 + lze — 2]I5)

s.t. MLD model equations
rg = z(t)

IN = Iy

witho > O and ”?”fi =v'Qu

e Theequilibrium (x,, u,. d,, z,.) corresponding to r can be obtained by solving
the following mixed-integer feasibility problem
r, = Ar,.+ Byu, + B.d, + Byz,. + B;
r = Czx.+ Dyu, + Db, + D3z, + D5

@ Ei"fip + ESE;- ":_: E,_];I:r - Elur -+ Eﬁ J




/

Closed-loop convergence @

G s e
H!\-.‘"» ol Wy

¢ Theorem. Let (x,, u,, J,, z,) bethe equilibrium corresponding to r.
Assume x((0) such that the MIQP problem is feasible at time = (.

ThenvQ, R > 0,0 > (O thehybrid MPC closed-loop converges asymptotically

limy(t) = r tlim x(t) = x,
t—> —

. lim 5(t) = 51’
lim u(t) = u, t =00

t— oo hm Z(t) = Zy
t—> oo

and all constraints are fulfilled ateach time ¢ > (.

e The proof easily follows from standard Lyapunov arguments (see next slide)

e Lyapunov asymptotic stability and exponential stability follows if proper
terminal cost and constraints are imposed
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Closed-loop convergence proof @

S ots 74
e Main idea: Use the value function V*(x(t)) as a Lyapunov function
e lets& = [uf.....u_1.80,...,8%_1.20,...,2x_,| be the optimal sequence @t
e By construction @t+1£ = [ul.....uly_1 upr 1.0 . 001, 0r. 2000 .. 21, 2¢] IS

feasible, as it satisfies all MLD constraints + terminal constraint z 5y = =,
ly(t) — 73, — llult) — urll
3+ 112(8) — 20l + l2(t) — 2 3) )V (2l + 1))

e "*(x(t)) is monotonically decreasingand > (),so d lim V*(z(f)) e R

t—+o0

e Thecostof £is V*(x(t)) —
gy (||é[t} — O

e Hence ||y(t) — 7|13, llu(t) — urll% 10(2) — 8:113, | 2(2) — 2|13, ll=(£) — =13 — O
e Since R, @ = 0, tiim_y{t] = r and all other variables converge. ]

Global optimum is not needed to prove convergence !

o
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MILP formulation of Hybrid MPC @

s i, 2
* Finite-horizon optimal control problem using infinity norms
AN-=1
ming ) [|Qyklloc + || Ru o
k=0
T4l = A.Tk 33 Bl”k > i Bgfﬁ:k 1 B:gl"_{; - Bﬁ_ Q = R™v X
od Y Crxp + Dyug + Dodyp + Dazp + Dy R € R X%
o 00+ Ezzp < Ejzp+ Equp + Es
ry = z(f)
¢ |ntroduce additional variables EE, e, k=0,...,N—1
e = [1Qukl £ 2 £Qwm .,
o G ; Q' = ith row of @
e = ||Buk| g > *R'u




MILP formulation of Hybrid MPC

" LR

¢ Finite-horizon optimal control problem using infinity norms

Q c Rmyxny
R € BMu X0y

(' = ith row c:-F o)

N-=1
ming ) [|Quklle + || Rul
k=0
TE4+1 = A.I'k- 5+ B]:_I.F.;; T ngfik Tt Bgﬁk + BF}
st i CI;; -I—ﬂlu;; +Dgf§j;+ﬂ12jﬁ+ﬂa
e Eg[ik E{-jEk = E'—I-I"I.: + E}_ U + E;,
ry = x(t)
* Introduce additional variables ¢/, ¢!, k =0,... , N —1
e = [Qukl & = £Q'uk
e = ||Ruxll~ e > ER'u
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MILP formulation of Hybrid MPC @

~ 5 e
5 7]
\-’r\;_,‘/f‘.lﬂ, el

o After substituting ., ;. the resulting optimization problem becomes the
following Mixed-Integer Linear Programming (MILP) problem

N—1

ming Z €, + €
k=0
s.t. GE<W + Sz(t)

o &= [ty cvy tag—1; 005y QN1 B0y o5 BN €0 €l vy €hg. 3 EN 1]
is the optimization vector, with mixed real and binary components
Up c R?‘nc w {ﬂ,l}”lb
Ay € {{:h 1}?1h
2 € K™
. €R

‘E c E;"&-‘tm:+r:+2} w {Il 1};"5"{1nb+;=b]|

e » Same approach applies to any convex piecewise affine stage cost




Mixed—lnteger Programming solvers @

¢ e
Yr A 178 81

 Binary constraints make Mixed—Integer Programming (MIP) a hard
problem (NP-complete)

d However, excellent general purpose branch & bound / branch & cut

solvers available for MILP and MIQP (Gurobi, CPLEX, FICO
Xpress, GLPK, CBC, ...)

 MIQP approaches tailored to embedded hybrid MPC applications:
JB&B + (dual) active set methods for QP

AB&B + interior point methods:

B&B + fast gradient projection:
JB&B + ADMM:

o
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[MPC for Hybrid Systems - Complexity J @

J The complexity strongly depends on the problem structure and the

initial setup
Jd1In general:
Mixed—Integer programming 1Is HARD

O Efficient general purpose solvers for MILP/MIQP: CPLEX,
XPRESS-MP = based on Branch-And-Bound, Branch-And-
Cut methods + lots of heuristics

[ On-line optimization is good for applications allowing large sampling
intervals (typically minutes), requires expensive hardware and
(even more) expensive software

- For very small problems requiring fast sampling rate—> explicit
solution of the MPC

(- p
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[Hybrid MPC of an inverted pendulum J @

¢ 3 v b
¥ W17, 2K
Ol W0

e Goal: swing the pendulum up

e Non-convex inputconstraint

u € [_Tmax, _Tmin] U {O} U [Tmin, Tmax]

¢ Nonlinear dynamical model

o

12M 0 = Mglsin0-£6 + u

~
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"’a;*"/fi’“;
e Approximate sin(#) as the piecewise linear function i *”’{, {:21
—af—v if §<—E X £y
sinfs2{ af if 16| < Z : N/
—afl+v if 823 | v

= Get optimal values for « and ~ by minimizing fit error

rmin f_T (B — sin(#))*d8
0

g 1 _ = i T B 1 5o '.|1'
= ———osfsin®d —2asinf 4+ —a 8" 4 2afcozf = —a'a" — 2o+ —
2 2 3 d 24 4

Zeroing the derivative with respect to a gives o = é’-}

E |

» Requirings = (forfl = wgivesy = =}

Hybrid MPC of an inverted pendulum @
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Hybrid MPC of an inverted pendulum

o Introduce the event variables
[da=1] & |

B < —g]
Ba=1 ¢ [6>3]
along with the logic constraint

[0y = 1] = [d3 = 0]

o Set s = afl 4 s4 4+ 54 with

54 = 4

0

—2afl 4~
()

@ .

—2al) — =y

Ef -:'53 = ].
otherwise
ifdy =1
otherwise

&

Up o p i 21,
"Q_"‘/nf“.”u

i
[l-?]

~
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Hybrid MPC of an inverted pendulum @

Gy bt 2
"¢_~‘/f¥ru [-gl]

e Tomodel the constraint 4 € [—Tmax, =Tmin] U {0} U [Tmin, Tmax] introduce the
auxiliary variable

w i = T = U S Thin
TA — ;
() otherwise

and let u — 74 be the torque acting on the pendulum, with

u € [_Tms.xr Tmax.]

¢ The input u has no effect on the dynamics for u € [—Tmin, Tmin]- Hence, the
solver will not choose values in that range if u is penalized in the MPC cost

(- p
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Hybrid MPC of an inverted pendulum

&

g o7 ¢

] b =0 =1
e |ntroduce new event variables i i
—Tmin Tmin
4, =1 & [u< Thl

along with the logic constraint [§; = (0] — [d2 = 1] and set

u if[d; = 1] A [d = 1]
Ta4 =
A () otherwise

sothatu — 74 iszeroinforu € [=Tmin. Tmin

-

’;%M
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Hybrid MPC of an inverted pendulum @

~ 5 e
5 7]
\-’r\;_,‘/f‘.lﬂ, el

e Setr £ [9],y £ fandtransform into linear model
d I . )] 1 I + () () 53 + 84
i | o P g PR |

y = |1 ﬂ]ﬂ:
e Discretize in time with sample time T, = 50 ms

.T]{.‘.: + ].JI .Tllijiifjl .‘i;;{k} 1 ‘;1{;.,}
[Ig{!.: +1) | A Izl[kj] B [H{k} — 1alk)
y(k) = [ 1 0] (k)
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Hybrid MPC of an inverted pendulum

rid =dal = & pe=sSulns
) Elda Ny Eemcocied,. Rzl THLE *®
STSTICH hyo pamnoaolz=m |

INTERFATE |
STATE |
REAL th [=3=pi Jepi]
REAL thdak [=20, 20} :
¥
THELT [
REAL = [=18,11]:
¥
HFTRTT|
RERL y:
¥
FAFANETER |
REAL Eau _min,alphs,gessa;

FEAE w1l il a2 a3 B BAZ B3I RO

1
b

IMNFIENENTATION |

1) |
BERL Eanh, x5 =d;
OO AL d2, A%, a0

]

o |
el m oyl mang
il = phewban ming
dY m gh o -'E.E-"F:..'
di = gh e B_S5%pi;

b

1
1

- R
2t 7,2
J!‘C«_’ /..f‘{J‘ iy :&‘s

=T T |
bapk = [IF dl & df THEN uw ELEE @) ;
2% = |ZF dY THEN =2%alpha®thegesms ELSE §):
=i = [IF &4 THEN =2%alpha®*thégazms ELSE O]:
i

cosTimimas |
th = pllvsbagldvetdasehile (miiad] ahidy joetaul] ;
thdok = all*tkiadd*thdossble (Send)] abI2" {oebauk) ;
i

auTreT |
¥ = kh;
i

MUST |
Al medy

marl | el
i

>> S=mld{'pendulum’,Ts):

@ go todemo demos /hybrid/pendulum init.m
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Hybrid MPC of an inverted pendulum @

St
* Open-loop simulation from initial condition #(0) = (), é{{}} =A}
* |nput torque excitation
2Nm if0<¢t<10s
u(t) = .
0 otherwise
>> ul=2; . i
>> U=[Z*ones(200,1);zeros(200,1)]; hybrid mode! (nominal)

>> x0=[0;0);

oninear mooe

>> [X,T,D,Z2,Y)meim(8,x0,0);
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Hybrid MPC of an inverted pendulum @

>> refs.y=1;

»> refs.u=1;

>> Q.y=1;

4
Z L — ()] + 0000y >> Q.y=0.01;

»» O.rho=Inf;:
k=0 Q g

o MPC cost function

>> Q.norm=Inf;
¢« MPC constraints u € [—Tiax, Tmax) >> H=5;
>>» limits.umin=-10;
>» limits.umax=10;
=7 C=hybcon{S5,0,H,limits, refs);

M= O
Bybrid controller Sassd on HLD mcdsl 5 Cpeadulumm_hysr [Inf-acom|

2 EEELEH EEEEITEEENT[E |

i putpet cwmisconceja}

L iopot refarancaio)

B mtmts cefscanceim)

8 referenceix) oo azxilisry coetinrooos s-veasishiss

4% pptimirstion werisblsim| {10 conriouoos, I3 DoOarcy)
I8 mimsd-inteqer [inakc inegoalicias
mamplizg tims = 0.33, HILF msalves = “guookt’

Type “structiC)” for more detsile.

U e i1,
/c«_’/ff‘u

&

~
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Hybrid MPC of an inverted pendulum @

S ots 74
» MNominal simulation >> [X,0,D,2,7,¥]=5im(C,5,r,x0,4);

i input 10rgua
— . % i . o B e i -2 20
E\
" ol
g =10e= i

1] ¥ ? | ]

e Nonlinear simulation F—f o] |

ey
o By T B —<—
_hl i,
i '?:_ el | e
e |= ™ =
e e —

CPU time:

51 ms per time step (GLPK)

22 ms per time step (CPLEX)

25 ms (GUROEI)

{Macbook Pro 3GHz Intel Core i7)
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Example in supply chain management

u11(k)

u12(k)

inventory 2

up1 (k)

B 2ot7

retailer 1

y1(k)

gotodemo demos/hybrid/supply chain.m

/
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Example in supply chain management @

S "’j"\;;~"/:"§t‘.1}"’;ba.~
nnnnnnn -
¢ Continuous states:
x;j (k) =amountof j hold in inventory i
attimek (i=1,2,7 = 1, 2)

Continuous outputs:
y; (k) =amount of j sold attimek (j = 1, 2)

Continuous inputs:
u;; (k) =amountof ; takenfrom inventoryi attimek (i= 1,2,/ = 1,2)

Binary inputs:
Uyxij (k) = 1if manufacturer X producesandsend; toinventory i attimek

retailer 1

- :.* bl
T ! o .
i W

S |

~

J
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Example in supply chain management

Max capacity of inventory i:
2

0< X Xij S XMi
J=1

Max transportation from inventories:
0< uij(k) < upm

A product can only be sent to one inventory:

U411(k) and Uy, (k) cannot be both =1
Upi1(k) and Up, (k) cannot be both =1
Up1y(k) and Upyy (k) cannot be both =1
Uciy(k) and Uy (k) cannot be both =1

A manufacturer can only produce one type of product at one time:
[Ugi1(k)orUgy (k) = 1],[Usg12(k) or Ugyy(k) = 1] cannot be both true

/
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Supply chain management - Dynamics @

e Let Pa1, Pri, P2, Po» = amount of product
of type 1(2) produced by A (B, ()
in one time interval

+ Level of inventories

rulk+1) = xulk)+ Pullanlk)+ PeiUsii(k) —unl(k)
Tialk+1) = T-l!“f} + PpalUpia(k) + PoaUsiz(k) — Ulz{k}
x21(k+1) = zun(k)+ Palaai(k)+ PeiUpai(k) — uai (k)
Taalk+1) = Igg{k} + Ppaligaslk) + PoalUpaalk) — u:gg{k}

o Retailer: all items requested from inventories are sold

in
Ya

1y + U

Mia + Usa

o
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code

Supply chain management - HYSDEL

SYSTEM supply chain({
INTERFACE {

STATE { REAL

REAL

REAL

REAL

INPUT { REAL
REAL ul2 [O

}
IMPLEMENTATION {

DA { zAll
zB11
zB12
zCl2
zA21
zB21
zB22
zC22

REAL u2l [O,
REAL u22 [0,
BOOL UAll,UA21,UB11,UB12,UB21,UB22,UC12,UC22;

AUX { REAL zAll,

= {IF
= {IF
= {IF
= {IF
= {IF
= {IF
= {IF
= {IF

zB11,

OUTPUT {REAL yl,y2;}

UAll
UB11
UB12
Ucl2
UA21
UB21
UB22
uc22

x11 [0,10];
x12 [0,10];
x21 [0,10];
x22 [0,10]; }
ull [0,10];
,10];

10];

10];

zBl12,

THEN PAl ELSE 0} ;
THEN PBl ELSE 0} ;

THEN
THEN
THEN
THEN
THEN
THEN

zCl2,

PB2
PC2
PAl
PB1
PB2
PC2

zA21,

ELSE
ELSE
ELSE
ELSE
ELSE
ELSE

PARAMETER { REAL PAl,PBl,PB2,PC2,xMl,xM2;}

0};
0};
0};
0};
0};
0};

zB21,

}

}

zB22,

}

zC22;}

}

manufacturer A

w11 (k) w12(k)

manufacturer B

inventory 2

manufacturer C

u21(k)

o1 (k), waa (k)

CONTINUOUS {x11 = x11 + zAll + zBll - ull;
x12 = x12 + zB12 + zCl2 - ul2;
x21 = x21 + zA21 + zB21 - u2l;
x22 = x22 + zB22 + zC22 - u22; }

OUTPUT { yl = ull + u2l;
y2 ul2 + u22; }

MUST { ~(UAll & UA21);
~(UCl2 & UC22) ;
~((UB11] | UB21l) & (UBl2 | UB22));
~(UB11l & UB21) ;
~(UBl2 & UB22);
x11+x12 <= xM1;
x11+x12 >=0;

x21+x22 <= xM2;
x21+x22 >=0; }




e Meet customer demand as much as possible:

yi=ry, yY=nr

e Minimize transportation costs

e Fulfill all constraints

(-, p
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Supply chain management - Performance

index

penatty = dfwaina "’--'i..--_-u'.'.r.uI Errer

N-—-1

min Z LO(|ya e — ra(8)] + ly e — r2(t)| +
=l
'.'-'.'|-l'|-"|r:_,I Lal :rrf.. ke, 1t masrk et

tl““-u-ﬂrl + |'M|2.k|i +

-
chyPPl Lowl Treva e, i L
ol

e

2 uzs k] + Juzz.k) +

-
el Yréava |IJ A WA Eiuraes
e

L(|Uarnel + U azn.l) +

L - r :
EEEl Srase T2 SiE -.r-.'f:.-".:r.:;
P

lHI--FErll-kl - |E'rﬂlz.k| g E'rﬂzl.k| & |[*rﬂzz-k|i+

l' : =
LeEl Srewa [ fe SRdEETerags

rl“{ | E-;'-.[" 12 k | + | E-'rt":.!'.!.k | jl‘
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Supply chain management - Simulation

setu

manufacturer A

>> refs.y=[1 2]; % weights output2 #1, #2
>> Q.y=diag ([10 10]); % output weights
>> Q.norm=Inf; % infinity norms
>> N=2; % optimization horizon
>> limits.umin=umin; % constraints
>> limits.umax=umax;

>> limits.xmin=xmin; % xij (k)>=0
>> limits.xmax=xmax; %

xi7j (k)<=xMi (redundant)

>> C=hybcon(S,Q,N,limits, refs);

>> C

Hybrid controller based on MLD model S <supply chain.hys>

[Inf-norm]

4 state measurement (s)
2 output reference (s)
12 input reference (s)
0 state reference(s)

0 reference(s) on auxiliary continuous z-variables

44 optimization variable(s) (8 continuous, 12 binary)
176 mixed-integer linear inequalities
sampling time = 1, MILP solver = 'glpk'

Type "struct(C)" for more details.
>>

inventory 2

a1 (k), wa0(k)

u21(k)




///’

Supply chain management - Simulation

results

>> x0=[0;0;0;0];
>> r.y=[6+2*sin ((0:Tstop-1)'/5)
54+3*cos ((0:Tstop-1) '/3)1;

>> [XX,UU,DD, %2%,TT]=sim(C, S, r,x0,Tstop) ;

ltems sold, demand

% Initial condition

% Reference trajectories

Whao is praducing ...

o
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Inventory levels

@CPU time: ® 13 ms/sample (GLPK) or 9 ms (CPLEX) on Macbook Pro 3GHz Intel Core i7




>> limits.umax=umax;
>> limits.xmin=xmin;

>> limits.xmax=xmax; % xi7 (k) <=xMi

>> C=hybcon (S,Q,N, limits, refs) ;

>> C

Hybrid controller based on MLD model S <supply chain.hys>

[Inf-norm]

4 state measurement (s)

2 output reference (s)

12 input reference (s)

0 state reference (s)

0 reference(s) on auxiliary continuous z-variables

44 optimization variable(s) (8 continuous, 12 binary)
176 mixed-integer linear inequalities
sampling time = 1, MILP solver = 'glpk'

Type "struct(C)" for more details.
>>

\@m&w "MoellelieCired

>> refs.y=[1 2]; % weights output2 #1, #2
>> Q.y=diag ([10 10]); % output weights
>> Q.norm=Inf; % infinity norms
>> N=2; % optimization horizon
>> limits.umin=umin; % constraints

% xi7j (k) >=0

(redundant)

manufacturer A

manufacturer B

manufacturer C

inventory 1

a1 (k), waa (k)

retailer 1

L
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[ Hybrid MPC: Summary } @

¢ P
e M 2174 W0

4 Hybrid systems: mixture of continuous and discrete dynamics
EIMany important systems fall in this class

EIMany tricks involved in modeling - automatic systems available to
convert to consistent form

[ Optimization problem becomes a mixed-integer linear / quadratic
program
ANP-hard (exponential time to solve)
(JAdvanced commercial solvers available
L MPC theory (invariance, stability, etc) applies
dComputing invariant sets is usually extremely difficult

[ Computing the optimal solution is extremely difficult (sub-optimal ok

o




