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 MPC relies on a model, but models are far from perfect

Noise and model inaccuracies can cause:

 Constraint violation

 Sub-optimal behaviour can result

Persistent noise prevents the system from converging to a single point

Can incorporate some noise models into the MPC formulation

Solving the resulting optimal control problem is extremely difficult

Many approximations exist, but most are very conservative

Uncertainty Models
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Dynamics are linear, but impacted by random, bounded noise at each
time step

Can model many nonlinearities in this fashion, but often a
conservative model

 The noise is persistent, i.e., it does not converge to zero in the limit

Examples of Common Uncertainty 
Models

4



Uncertainty Models

Impact of Bounded Additive Noise

Robust Open-Loop MPC

Closed-Loop Predictions

Tube-MPC

Robust MPC

5



 Design control law u = K(x) such that the system:

1. Satisfies constraints : {xi} ⇢ X , {ui} ⇢ U for all disturbance realizations

2. Is stable: Converges to a neighborhood of the origin

3. Optimizes (expected/worst-case) “performance”

4. Maximizes the set {x0 | Conditions 1-3 are met}

Challenge: Cannot predict where the state of the system will evolve
We can only compute a set of trajectories that the system may follow

Idea: Design a control law that will satisfy constraints and stabilize the 
system for all possible disturbances

Goals of Robust Constrained Control
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Uncertain State Evolution
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Uncertain State Evolution
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Uncertain State Evolution
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Robust Constraint Satisfaction
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Robust Constraint Satisfaction
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Putting it Together
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MPC as a Game
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MPC as a Game
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 SWhat should the future prediction look like?

1. Controller decides his first move u0

2. Disturbance chooses his first move w0

3. Controller decides his second move u1(x1) as a function of the first
disturbance w0 (recall x1 = Ax0 + Bu0 + w0)

4. Disturbance chooses his second move w1 as a function of u1

5. Controller decides his second move u2(x2) as a function of the first
two disturbances w0, w1

6. . . .

Closed-Loop Predictions
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Closed-Loop Predictions
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Tube MPC
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Tube MPC: System Decomposition
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Tube MPC:Error Dynamics 
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Tube MPC:  The Idea
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Tube MPC
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Noisy System Trajectory
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Noisy System Trajectory
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Constraint Tightening
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Tube-MPC: Problem Formulation
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Tube MPC - Example
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Tube MPC - Example
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Tube MPC - Example
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Idea
 Split input into two parts: One to steer system (v), one to compensate for the noise (Ke)

u = Ke + v

 Optimize for the nominal trajectory, ensuring that any deviations stay within constraints

Benefits:
 Less conservative than open-loop robust MPC (we’re now actively compensating for noise 

in the prediction)

 Works for unstable systems

 Optimization problem to solve is simple

Cons:
 Sub-optimal MPC (optimal is extremely difficult)

 Reduced feasible set when compared to nominal MPC

 We need to know what W is (this is usually not realistic)

Tube MPC - Summary
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Idea

 Compensate for noise in prediction to ensure all constraints will be met

Cons

 Complex (some schemes are simple to implement, like tubes, but complex to 
understand)

 Must know the largest noise W

 Often very conservative

 Feasible set may be small

Benefits

 Feasible set is invariant - we know exactly when the controller will work

 Easier to tune - knobs to tradeoff robustness against performance

Robust MPC for Uncertain Systems -
Summary

41


