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G(s) =

1 2 1 1
s+1 7 543 7 s+1 7 s+l

3l s yle g ol OF Olia 53 55 G(5) 2 4y 3L
-5+1

[3+1]2[3+3}

ji-.'.-..-.?_;l.:ﬁG(.i')sz_,lxlﬁﬁdbahﬁuﬁd}d‘u&,ﬁu e ¢S 3l 3l

p(s) = (s+1)*(s+3)
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(The Smith-McMillan Form) S o ool & yqu0 ©

:JOL:AA 6‘ 4L0.>AJ.> Lchb u,.uﬁLc

P(s)=L,(8)--Li(s)Q(S)Ry(8)---R,(s)

1 0
0 s

N——~

single zero

(8l dozsiz slo o S o 00

1 0O 1 s+1

0 52 0 1
—— ~ —~ J
double zero no zero

() oz sl o Sl 4,

The Normal Rank of P(s) isr if rankP (s)=r for almost all s.
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Theorem Let P(s) be any | xm polynomial matrix with rankP (s) =r, then it is

egiuvalent to the following | xm matrix

[ £,(s) 0 O]
> 0
0 0 0]
Where,
&©)|ga6)  i=1-r-1
D) | ..
g (s)= D. () | =1---r

D. (s) = greatest common divisors of all the i xi minors of P(s)
S (s) is the Smith form of P (s), & (s) are the invariant factors and D, (s) are the

determinantal divisors of P(s). The zeros of S (s) = Hgi (s)=0

12



358] Cawd 41 5 Sledie Slles sl 5 e o | ool & 90

e multiply a row/column by a nonzero constant;
e interchange two rows or two columns;

e add row/column multiplied by polynomial to another row/column.

Sl 1Sy ol alerdiz el jn Caansd g ASSS ®
A BSS l  yosy sl (Sledde sla s slo
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1

P(s)=|s’°+s—-4 2s°—-s-8

s —4

Jlo s °

-1

2s°-8

D,(s)=1,D,(s) :gcd{l,—l,s2 +s—4,252 -5 —8,252-8,5? —4},

1 -1
D.(s)=qcd
:(5)=9 {32—4 2s% -8

=(S+2)(s —-2)

1

s°+s—4 25°—s-8

-1

s°+s—4 25°—-s-8
s —4 25% -8

sl psd sl Sl

£,(5) =L 5,(s) = (s +2)(s - 2)

1

S(s)=|0 (s+2)(s-2)

0

_ NN
0 Pl 9

14

0
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Theorem Let G (s) be any | xm transfer function matrix with rankG (s) =r
then it is eqiuvalent to the following | x m matrix

[5(6) -
Wl(s)

)= £, (5)

v, (S)
0 0 0

Where,

&i (S)‘giﬂ(s) I :1""1r_1
via©)i(s)  i=Lr-1

& (S),w; (s) arerelatively prime Vi
M (s) is the Smith-McMillan form of G (s).



Let G(s)=L(s)M (s)R(s) where, L(s),R(s) are the elementary matrices

_‘91(5)
w,(S)
Rewrite, M (s) = A . asM (s)=N (s)D '(s),
gr
v, (s)
0 0 0

Then,
G(s)=L(s)N (s)D (s)"R(s)=[L(sIN (s)I[R "(s)D (s)I"
Which is a Right MFD of G (s).



Gs) =

i g g3 ly g Jed G s e

1 =1
52435+2 52435+2
gle5-4 25l-5-B

§2485+2 5243042
52 -4
s+1 5+l

G(s) =——— P(5)

z

5+ dr+2

pe>

oy g 3 malizad L el AT Jl s et wals Glales Lo e gle P(s) OF 33 5

Cnds g g cppdes 1y G(E) S St o e 2y AT S PED o () QUSRS

G(s) ~—1-5 () = M(s) =
d(s)

ST

Jbo S
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Jbo S

b 53 ) 55 Jods @b e e
1 0 s-1
G(s) = s+1 1 (s+1)1(s+2}
5+1 (542)(s-1)
1..1_}'.7
9= 1 |:(s-l)(s+2) 0 (3-1)“]
(s+1)(s+2)(s-1) 0 (5+2)(s-1) s+1
=L pg
d(s)

312 )ke P(5) 252 (slasleS 5 5L o 1 P(s) VXV (glaslgS Sae alep guuda 1,53

(s-1)(s+2) 0
0 (s-1)(s+2)

(-1)s+2) (5-1)°
0 s+1

—(s-1)°s+2)", — (s2-1)(s+2)

0 (-1
(s+2)(s-1) s+1

OMen a3 1 A3 a (5-1)(5+2) aalyS ol S 2 e p gusin 0 855 9
3 iyl Jod @b s e

= —(.5'41)3{s+2)

i 0 0
M(s) = (s+1)(s+2)(s-1)
0 Lo

s+1
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L5 3l 5 ek &b sl
1
_ (5+1){z+3)
-1 sel)
(s+1)(s+3) §+3

G(s)

r_l_‘:ln'l

1 [1 0 }
5 ) = 2
(s+1)(s+3) -1 2(s+1)
1
=—FP
o’
2 VXY SAseS (sl 5 il 1 P() VXY (SLasleS St adop poie 533

31 e PUS) el ) ot el 205+ 1)

s{:}_[l 0 !]
0 (s+1)

- Sy e S5} e g bl 0l l_n}Ln_,.- ﬁﬂolj."_ﬂj!{.‘:'l'l): ﬁiJj i<
iz jle Gls) GHenSe
1

M(s) = (5+1)(s+3)
s+1
5+3

Jlo s °
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Ddles Ko ol Glales g,

G(s) :%N (s) N (s) Polynomial Matrix,
S)
d(s) lcd all the TFN elements.

v

L(S)N (s)R(s)=S(s)

&(8)
vy (s)
M(s)—LS(s)— '
S d(s) - £ (S)
v, (S)
0 0 o0/



Y (s)=G(s)U (s)

=Y (s)=L(s)M (s)R(s)U (s)

L(s)

EON
Wy (S)

0

R(s)U (s)
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Y (s)|—> o, for |U (s)| <o and finites <y, (s) >0

sla sl oz iz (lajho S degomme e lo ad 1Y

{w,(s):i =11}

Sl cdad adS 580 slowd g Cuxdgo dcgamme ol 14T
QA2 o 1y 6 priedis i
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M (s)

M (s)

M (s)

1

(s+1)(s +2)

0

1

(s —1)(s +2)°
0

1

(s+1)(s+2)
0
0

0

s+1

S +2
0

1
s—1]

Jlo s °

= poles ={-1,-1,-2}

= poles ={1,1,-2,-2}

= poles = {-1,-2,-2}
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SISO (sl miwmw ;0 £95 00 1S g oy po5

o}.gjb dC 0 4 U““")"L“ od.g" u

lim A(S)|G(s)| =0,

where A(S) Is the characteristic equation of G(s)
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| §
G(s)=—| 5" =—G(s)
y 5
s+

s+ 5l el o le G'(s)

3 4 =:,:"' - h.'_;'l'l =. 1':,-:

5
151_1111:(5 + ‘.) IG'(s)] = Lﬂn (S - ‘I.) Yy =1

e i o STl

= o
\ . \
G(s) =—|_s . =—YG’(5}
5 s+ 5

s+ 5l el o e G'(5) cam=ie slalesois
li V)G (s)] =1 V)s" =
51_131 (S + ) |G"(s)] S]_rE (S + )S

el V £53 G(5) bowd mb e Sle b aarly SGind pren o0l
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3Vgb adgi axly Jood @b e Sle JUo

6 -60
G(S):E 1+0.4s 1+0.05s :EG'(S)
S| -3 160 S
11+0.4s 1+0.05s_

poles:0,0,-2.5,-20
and limA'(s)G'(s) =780 = 0= Multivariable system is type one

s—0
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G(S)

QS L8 J&Ad{té)‘dﬁa}; B

BT
s+1
1 1
' S+3  s(s+2)

Slop g9 9 bole g45 ™
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b 1l g ple & Sl (prmo dae (S D=0, M e STaaneS
Culgh py Ojze & Olyee |, GS) L adl>

G(s) = H(s)G (s)

Q‘)MS

) ) )
H(s) = diag [T;T,“',l—m}
s' ¢f S

£9 b b sl |, G(S)  deul jo 0w dlawe 45 6,80 G () o] o aS
aiolies [, L+, L]
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Ya(t) = k! k! km!]
< ki <l o3l g0 o Slasl bk g olgids b scul ba; J; > ° glp ol o a8
R
Jeo @
- _
<1 0
S +
G(s) =
(s) 1 1
| S+3 s(s+2) |
_ 1 |
1 O|| —— 0]
_ 1 S+1
0O — S 1
S
- Ls+3 s+2
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G(s):[gij(s)]z_:jg;_ =1 j=1--m
Element Zeros are given by b; (s)=0 1 =1,---,1 j=1---,m
Jo
- 5 -
G(s)= 81“1 313 = No Element Zero
| s+1 s+1_
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s-1 2

s%+1 S +3
1 s +1

G(s)=

' s+1 (s+3)(s+1) |

— Element Zeros ats =+1

ol 3 pede e J S 0 [edﬁ')b.,aagijoﬁ)lS:c\.&“ 3
38,55 sadlin oyl jaie oo o L8, pl Jg bl
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Jod U s yload, ©
b b ol 4,

PikeS sl il G MY L

\ A

_ 5 g+
\ A

s+ 5

Y5+

i G,'(S) e '_,.._7_":, | T J._.Iﬁ GI(S::I Lals LAty lad .|G\[Sj| = - m__»__‘.,b

s"(s+1)
Sl bl ol V s =—of0 5 ki G (5) sas, ol ¥ las _abes Loy o)

2) bt b e Fle

1 5
s+7v s+

G =| ,
s(s+‘|) s+

‘_.:J,__'-I_: . | ‘_J:II ~.-'3:""" ,“.'1,".' 5 isj.-" \__.3.':-...1 lf) s i‘l"" eljl L IGV(S)l =0 m—_‘:_;.L‘-’

ol Vi GL(5)

P LIV Rp VLIRS R ST |
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ey e Byao ool (Transmission Zeros) JUWG! b oo ™
S oo x>l 3l (g len jo &8lg jo ayls p jo ]y eal (SO

*
*

il oo Jl slajao plos |, o piianiz sl pis

b ool JEDl 50,5 aSely JEnl gleyho goulS dass
)‘ o )_,QLQ_Q )d )-0-«0 ).o& 6&3)9 )/‘_))_, LS‘)" )i,o UJL».C
D9 (0 S0 (T 9y o

ut)=0=y(t)=0
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Letu(t)=u.e®, and correspondingly x (t) =x e :

X (s) = (sl — A) x + (sl — A) B
S—1Z
— (sl = A)[x +B—2]
S—1Z
— (sl — A)'[x, + HLZ A%
S—1Z
X, X

= (sl = A)[(sl — A)—2-]=—2—= x(t) = x,e”

S—1Z S—12




Letu(t)=ue®, and correspondingly x (t) =x £*, then
sx % =Ax e +Buge®

0=Cx " +Duge*

Then,
sl, —A -B || X,
=0
C D || u,
Then,
sil. —-A -B
=0
C D

This is the zero polynomial of the plant.
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Determinantal Expansion of,

sl,-A -B|
C D|
gives,
2(s)=|sl, —A[[D +C (s, —A)'B|=p(s)[G (5)
and,
G z(s)
E =26

Note the Blocking Property.
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Y (s)=G(s)U (s)

=Y (s)=L(s)M (s)R(s)U (s)

L(s)

&(s)

0
W, (S)
5, (5)
v, (S)
0 0

0

Lo o Line u_i.a

R(s)U (s)
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Y (s)=0, forU(s)=0andfinites < ¢ (s)=0

&l oz > 6o 00 A lS dcgesre i JST gl oo A

{&(5):i =11}

JLQ.».:‘ s 2o alS R Slass g CurBes ACgesto Q—.’.‘ 1 A SJ
REN 1) POV CEPGON
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1
(s+1)(s+3)

0

Lgokas = {-1,-1,-3}

o yins = {1}

0

(s+1)(s+2)(s-1) o ={1}  ledi={-1,1,-2,-2}

Ae={2}  leki={1,1,2)

Jbo S



Jbo S

55 S 1y 25 s b e e

s-1

s+l |

G(s) = o

(:f+1)2 (s+1)

2

s-1

_(s+.‘.)2 (.s+1)2_

j' MJL:.G QTQM&-%‘QJJJJJE \ _}JJLLJ_HU:.ELF_PT J'-'-'LJ c'l.'n' L'J'-‘-I

1
M(s) = (s+ ].)2
0

0

s+2
s+1]

..‘hJI.‘I JI_); -2 BL C}T d‘uﬂlﬁ K} | _3'.3 r...gdl r..'.‘......:...- |
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b lbad gulos jo JEGl sy o @
-C D

| O|[sl-A B [sI-A B
L:(s,l—A)1 J{ —-C D}_{ 0 G(s)}

= Rank Deficiency in G(s)

P(s) :{SI - A B}

IS equivalent to Rank Deficiency in P(s)
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Dl s S o SZZ ST aS 0iS azgs 0
G(z)u, =0y,
\2 \2

$99)9 yoo (T o S

Sl o ahly jo Sl ol g U, 51 Y9000 Y, Jos o
1S AuS C8 e e dlb i leds O JpsS el o &S

u'G"(z) =0.y;
uul'G" (2)y, =u,0.y'y, = G"(2)y, =0u,
= y,'G(z) =0.u;
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Ju(t) =ue” = y()=0
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8 o o0 g€ 6B o 30 (B9 o Cys Ol SO e
JEsl =g, JU G ) jlabl jae Gallasl Ol 31 les oo SGaud L

Qb ALl ho paie 9,5 JU ol 0 yho Jop as ol bod 4ol

y'G(z) =0,T(s) = G(s)K(5) (1 +G(s)K(s))"
=y, T(z)=0

Je

G(s) = 1 { 1 1}
(0.2s+1)(s+1)|1+2s 2

RHP Zero 0.5

-3,
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Design objective: Set-Point Tracking iny =Tr
Ideal Tracking: T(0) = |

Design I: Decoupling Design
t,(s)=t,(s)=0=1,(z) =0,t,,(z) =0 (The unstable zero must be present
in both diagonal elements)

[ —s+72 0
A choice is:T(s) = St2
—S+2
0
i S+ _

Design II:

1 0
T(s) = BS —Ss+1 Ideal control for the first O/P, unstable TZ has no EFFECT on it

S+17¢ S+17
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Design IlI:

—S+2 fB,S
T(s)=| s+z s+z | ldeal control for the 2nd O/P, unstable TZ has no EFFECT on it
0 1
= ZM—1=O:>,B2 =1

0.5+05

112
i ol i Jol (a5 g o Sl s _E{—J 5wl Juds
5 e ey > o I3 el i (o> ey5 sl Cam 0 jho (g5
P> Z9> 4 bl jao SIS elp Wb g el pan 2>
So s a5 I yo eoylo as adl> jo Sl o ¥ ol Al o oS el
B e (oo e Sk ahsSe anze cnl el 5L adl o bl e
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Theorem 6.4 Assume that G(s) is square, functionally controllable and stable and has a
single RHP-zero at s = z and no RHP-pole at s = z. Then if the k’th element of the output
zero direction is non-zero, i.e. Y, # 0, it is possible to obtain “perfect” control on all

outputs j # k with the remaining output exhibiting no steady-state offset. Specifically, T can
be chosen of the form

10 0 0 0 0 1
0 0 0 0 0
T(s)= | p1s Bre ... Brors stz Bass .o, Bns (6.37)
s34z 842 8+z s+z s+4z 84z
L 0 0 0 ] 0 1 |
where
_ _ oYz .
Pi=—-2==forj #k (6.38)

zk

Proof: 1t is clear that (6.37) satisfies the interpolation constraint ¢ T(z) = 0; see also Holt and Morari
(1985b). O

The effect of moving completely the effect of a RHP-zero to output k is quantified by (6.38).
We see that if the zero is not “naturally” aligned with this output, i.e. if |y, | is much smaller
- than 1, then the interactions will be significant, in terms of yielding some 8; = —2y,;/y.x
. much largerthan 1 in magnitude. In particular, we cannot move the effect of a RHP-zero to an

output corresponding to a zero element in y,, which occurs frequently if we have a RHP-zero
. pinned to a subset of the outputs.
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rankB =m,rankC =1
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7(t)=(A—BDC)z(t)+BD Yy (t)
ut)=-DCz(t)+D 'y (t)

a2 1,8 s 555 i e 0 | SOl (g5 SCuus e plo weSe
X (t) = Ax (t)+Bu(t)
y(t)=Cx(t)+K u(t)

A —BKC : wsSae pimms b s yile
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1

a

GB)=",

s+1 s+3

1

| s +1

:>TZ::{

S+1 |

A State Space Realization:

1 -8 -8] [0 0
x={1 -5 —4|x+|-1 0lu
00 -1] |1 1
0 1 2
"Zlo o JX
2m > n and we have,
1 -8 -8] [0
A-BKC =1 -5 —4|-|-1
0 0 1] |1

a—3

l-«

I(2
k4

Jbe o

},a:2:>TZ 1)

0 1 2
0 0 1
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Let the desired TZ be {—2} with the other two arbitary but stable close to —2:
1 -8 -8 ]

A-BKC =|1 —-5+k; -4+ 2k, +k,

0 —(k,+ky) —1-2(k,+k,)—k,—k, |

k,=—k,,k, =Lk, =0,=

1 -8 -8
A-BKC =|1 -5+k, -2|k,=1=TZ={-2,-1.5%1.33}
0o 0 -2

1 1
K :{ . O}’ and the modefied plant is (A,B,C,K ™).

The corresponding modified TFN matrix is
G (s)=G(s)+K™
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G (s)= s+1 s+3
" S+2 S+2

1 —s-1]

' S+1 Ss+1 |

with the Smith-McMillan Form:

1
M (s) = (s +1)(s +3)
9 (s +2)(s*+3s +4)
} S +1

which is compatible with the previous result.
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. 51

7(t) = Fz (t)+Gy (t) X (t) = Ax (t)+Bu (t)
ut)=Hz(@t)+Ey({t)< D '(s) y(t)=Cx({t)+Du(t)e G(s)
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i(0)= [ -6.355 3.729 } 20) +[ 3.442 } )
-19.288 11.019 12.479

y(t)=[0.446 -0.04526 ] z(r)+| 0.0438] u(r)

5 eyl (5 g5 g Sl b ool o) 0 03 33 s oS o
3(s) = 0.04455+0.32854+0.9353+1.235%+0.7495+0.169
55-12.665%+53.2153-85.552+49.935-9.504
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= ‘sl - —A,+A.C glcl\ =0, are the TZs.

Define,

Then,

w(t)=[C,+MA, C,+MA,]

= sl , —Ay; +A,F,'F|=0, arethe NEW TZs.

X, ()

X (L)

=[F1 FZ]

X, (t)

X, (1)

s




sl

sl —A,
_ —Ay

n—m

_A12
sl —A,,

0

B, |
—[sl A, -A,]— Full Rank

o] o0l

Srdy JraS by

— Full Rank
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Let,
K=F"F=K=(C,+MA,)*(C,+MA,)
=M (A, -A,K)=C,K -C,

=M =(C,K -C,))(A,-A,K)™

A final important NOTE:

limx 1 (t) = 0= limw (1) =y (t)

t >0
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L
Gs)=|81 83| o7z 2193 hoonTz 2 q)
11 1-a
| s+1 s+1.

A State Space Realization: x =1 -5 —4|x+|-1
0 0 -1 1 1

]
(L[-8 -8]) is a controllable pair. Therefore, K =[O —g} = M

e
16 2 05 1
—~F =|1:F - =ls—1+(-2)[-8 -8]
3 15 05 15 -2
16
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