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Introduction

Key requirements for deploying MPC in production:

1. speed (throughput)

— worst-case execution time less than sampling interval
— also fast on average (to free the processor to execute other tasks)

2. limited memory and CPU power (e.g., 150 MHz/50 kB)

3. numerical robustness (single precision arithmetic)

4. certification of worst-case execution time

5. codesimple enough to be validated/verified/certified
(library-free C code, easy to check by production engineers)
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Embedded solvers in industrial production

® Multivariable MPC controller

® Sampling frequency = 40 Hz (= 1 QP solved every 25 ms)
e Vehicle operating =1 hr/ day for =360 days/ year on average

e Controller running on 10 million vehicles

~520,000,000,000,000 QP/yr

and none of them should fail.

o
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Plant State x(t)

Standard Model Predictive Control

Standard MPC: requires Solving an optimization problem online (at

cach time step t) with updated state measurement

L
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* Most used algorithms for solving QP problems: min, %E’QE +r'F'z

active set methods s.1. Gz < W+ 5z

interior-point methods .
B Quadratic Program (QP)

gradient projection methods

alternating direction method of multipliers
(ADMM)
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model-based optimizer

set-points
r(t)

T measurements

55 ,ﬂ"'-’ * Canwe implement constrained linear MPC
1"/N without an on-line QP solver?

YES |
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s.t. Gz < W+ 8z(t)

| UN-1 ]

e On-line optimization: given x(t) solve the problem at each time step ¢ (the
control law u = ug(x) is implicitly defined by the QP solver)

Quadratic Programming (QP)

o Off-line optimization: solve the QP in advance for all z(t) in a given range to
find the control law u = ug(x) explicitly

multi-parametric Quadratic Programming (mpQP)

(- p
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Precomputed Offline

w(x(2))  =argming,Jy (x(¢), Uo) .
subj. to:  xx+1 =S (xk, uk) . “
i X s €U mpp MPC Laxv wWilx(t)) > Plant
xy EXr, x0 =x(¢)

State Measurement x(¢)

Explicit Model Predictive Control

« Pre-compute control law %, as fuiction of state x so that
ardim@utation is dramatically reduced

« Main Tool: Multiparametric

Programming
« May not work when the state dimension is large or the system

dynamics is nonlinear.

(- p
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« Multiparametric programming
problem:

min, J(x, v)

S0 5 subj. to. Gv=w +Sx

(1)

« Optimization variable is v €R”v , while x €R" is viewed as a parameter
of the problem

« Minimum cost J*(x) is called the \”/glue function

« The minimizer function is parameter dependent:

vix)=argmin,{J(x, v): Gv <w + Sx} (2)

L
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e Multiparametric programming studies properties of the value function J*(x)
and minimizer function v*(x) w.r.t. parameter x

e Region of feasible parameters:
K*={zreR":JweR" st. Gv <w+ St}

e Assumptions:
1. K7 is full dimensional polytope in "

2. 5 is full column rank

o let [ = {1,...,m} be the set of constraint indices.

o
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Definition 1 (Active Set).

We define the active set at =, A(x), and its complement, A“(z), as

A(z) £ {iel:Gu*(z)— Siz = w;}
Af(x) £ {i € I : Gov*(z) — Siz < wy}

(;, S; and w; are the i-th row of G, S and w, respectively.

Definition 2 (Critical Region).

CR ; is the set of parameters r for which the same set of constraints J C [ is
active at the optimum, i.e.,

CRy={zekK”: Alz) =J}
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- Standard mp-LP form:

min, ¢’ v

J(x) =
) subj.to  Gv =w +Sx

Optimizer function: v*(x) = argmin,{c’ v : subj. to Gv <w + Sx}

* G,w,,S,care known constants

v is optimization variable

* x is parametric variable
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e The following theorem summarizes the properties of the mp-LP solution.

Theorem 1 (Solution of mp-LP).

o

)
i)

i)

The feasible set K™ is a polyhedron.

If the optimal solution v* is unique for Vx € K*, the optimizer function

vt (x) KT = R™ is:

* continuous

* polyhedral piecewise affine over X.*. It is affine in each critical region CR.;, every CR; is
a polyhedron and | JCR; = K™

Otherwise, it is always possible to choose such a continuous and PPWA optimizer
function v™ (x)

The value function J*(x) : K* — R is:
* continuous
* Cconvex

* polyhedral piecewise affine over K%, it is affine in each CR;.
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® Multiparametric Quadratic Programming (mp-QP)

Standard mp-QP form:

T(@) = { subj. to

min, vT Hv
Gv<w+ Sz

v*(z) = argmin {vT Hv : subj. to Gv < w + Sz}

G, w, .S, H are known constants

v is optimization variable

x is parametric variable
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® Multiparametric Quadratic Programming (mp-QP)

Theorem 2 (Solution of mp-QP).
i) The feasible set K.* is a polyhedron.
ii) The optimizer function v™(z) : K™ — R"* is:
* continuous

* polyhedral piecewise affine over KU*, it is affine in each CR;.
iii) The value function J*(z) : K™ — R is:
* continuous

* Cconvex

* polyhedral piecewise quadratic over K'*, it is quadratic in each CR;.

L

e The following theorem summarizes the properties of the mp-QP solution.




/

Multiparametric Programming

® Multiparametric Quadratic Programming (mp-QP)

Consider the example

min

z(z)
subj. to

3(7 +2)
n<l4nm+m
—an<l—m —mx
n<l+m—m
—zn<l-m+m
21— 22 <1 + 31

—at+xn2<-2n—-m
-1<p <1 -1<5<1

&

- A e
Uy r,lw/nf‘JJ,ﬁ‘)
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® Multiparametric Quadratic Programming (mp-QP)
The explicit solution is defined over i = 1,...,7 regions
Pi = {r € B? | A;z < b;} in the parameter space x; — .

Critical regions

0.5
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Piecewise quadratic objective function J*(x)

~

J
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® Multiparametric Quadratic Programming (mp-QP)

Primal solution is given as piecewise affine function z(x) = F; + gz if = € P;.

3*'[:1;:] = 4

r

[ 0.
0-5 Lo r ifzeP,
>—ﬂ.5 —1.5

2 2 1
T+ if € Ps
l..'l -1 1
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Multiparametric Quadratic Programming (mp-QP)

Primal solution is given as piecewise affine function z(x) = F; + g;x if = € P,.

% 1 05 0 05 1 "2 1 05 0 05 1
X X
{ 1

Piecewise affine function 27 (x) Piecewise affine function 23 ()

o
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® Multiparametric Mixed—lnteger Linear Programming (mp—MILP)

e Continuous and discrete optimization variables: v = {v.,v4}, v, € R"*
= {D._ 1}?!4:!. and n, = n, + ny.

e Standard mp-MILP form:

J*(z) =

4

subj. to

e Optimizer function: v*(x)

e (&, w, S, c are known constants

e v is optimization variable

e 1 is parametric variable

it cTy

Gv < w+ Sx
v= {T-"e-:r'ﬂd}-. v, € R™, vy € {{]- ].}”‘“E
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® Multiparametric Mixed-Integer Linear Programming (mp-MILP)
e The following theorem summarizes the properties of the mp-MILP solution.

Theorem 3 (Solution of mp-MILP).

i) The feasible set K.* is the union of a finite number of (possibly open) polyhedra.

i) If the optimal solution v™ is unique for Wx € K, the optimizer function
vy (z) : K* = BR"™ and v)(z) : K* — R" are:

* polyhedral piecewise affine and polyhedral piecewise constant over K", respectively,
they are affine and constant in each CR;, respectively.

Otherwise, it is always possible to define a piecewise affine optimizer function v™(x)
for all x € KC*.

iii) The value function J*(x) : K* — R is:

* polyhedral piecewise affine over K%, it is affine in each CR;.

e Note that, different from the mp-LP case, the set KC* can be non-convex and
even disconnected.

(- p




s I
[ Explicit Model Predictive Control J @

¢ A siaanegl
Ug o i oh7, o2
O il . b

Q

a

 Explicit Linear MPC
d Explicit Hybrid MPC

o Summery




/

Explicit Linear MPC

&

i
[l-?]

(3)

Gy
¢ Linear MPC: Linear systems with polyhedral constraints
e At time t: solve the following N-horizon optimal control problem:
(ming  J(2(t), Vo) £ Tp(en) + N5 (e, ur)
Pu(a(t)  Vaa() = {1 G 7S E B A=
Apry < by, w9 =2(t)

Cost function:
N-=1
In(x(t),Up) = 1Qsanllp + Y (1Qxxll, + | Rull,)
ke=1)

We will consider cases: p= 2. 00,1

(4)
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¢ For the 2-norm case, Py(x(t)) boils down to a quadratic programming (QF)
problem:

| r ) . H FT Up
miing;,, In(z(t). Up) = [{-"UT*I“}T] [ F YV ] [ ] (5)

Vv (z(t)) = (i)

E-Uh_i- to Gg]f.-:r[p E o + E.;]'J.'“-j
e Online solution: given x(f) at each time f compute a control action u;, by
solving the QP (5)

¢ Offline solution (Explicit MPC): pre-compute the control law U (z) for all
possible state location z(t) = z. The online implementation of the controller
only involves evaluating the law at a given state u, = Uj(x(t))

¢ Simplest case: no state and control constraint =[] (z(t)) = —H'FTz(t)

J
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St
 With polyhedral state and control constraints, explicit solution can be
obtained through multiparametric programming

* Problem (5) can be transformed to standard mp-QP problem with
v=Uy+H 1FTz(t).

e = explicit MPC law is of the form:

(Fiz()+fi ifHz(t) <k
Us (z(t)) = 5 (6)
| Far(t) + far i Hyz(t) < hy

e [he above control law can be computed using the Multi-Parametric Toolbox

J
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¢ (co-norm) case:

Ug (x(t)) = argming {Jx(x(t), Us) : GolUb < wo + Sox(t)}
N-—1
where Jx(x(t).Ub) = 3 (||Quxlle + || Ru||=) (7)
k=i
e For notation simplicity, the terminal cost is dropped
e Note: min.{|z|: h(z) < 0} & min; {e: e > x,e > —x, h(x) <0}

e |ntroduce slack variables:

(€ = [Qxi); i=1,....n k=1,....N—-1
er = ||Qxk|| = sl er = —[Qxx]i i=1,..., n k=1,..., V-1
ey = || Rug ||~ eg 2 [Rug); i=1,....m k=0,...,] N -1
lef > —[Rux]; i=1,...,m —J | Fey |
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The problem reduces to an optimization problem of the following form:

N-1
min > € + €
] k

subj. to GE < W + Sz(t)

where £ = {ef. ... €5 _ . €0 . €h_ 1 Ups.o Un_1}.

Therefore, the occ-norm linear MPC problem can be reformulated as an

mp-LP problem

U5 (x) is also piecewise affine that can be computed using the
Multi-Parametric Toolbox

1-norm explicit MPC can also be formulated as an mp-LP problem

~

&

~ 5 e
5 7]
\-’r\;_,‘/f‘.lﬂ, el

(8)
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Ball and Plate

m Linearized model: four states for each axis:
plate angle, ball position, plate angular
speed, ball speed.

m Constraints on inputs and states

m Plate angle
m Ball position
m Acceleration

@ m MPC objective: path tracking
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G ois H
Ball and Plate - System

Computer: Pentium 166
Sampling Time: 30 ms
Ball & Plate
Uy, Uz
a, B
X, ¥
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Ball and Plate - MPC Problem

m 4 states + 1 tracking variable = 5 parameters
m Move-blocking reduces complexity

m Horizon of 10
m Inputs 2 — 10) must be equal

9

min Y 100]|y: — a3 + 0.1 w3
i=i)

$.5.,. ==
Titv1 = Az + Bu;
y; = O
Umin < Ui < Umayx
Ymin < Yi < Ymax
Tmin = Ti = Tmax
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Multi-Parametric Toolbox 3.0 Formulation

R T
Y0 Limear discrete-time prediciion modal 9
model=LTiSystem({'A’, A, ‘B, B, 'C’, C). min E : 100y — },r”% + 0.1 ”I"%
¥ Input consiraints e
model.u.min = -10; modelwmax = 10; 21 X=X
% Output constraints W= Ax; 4+ By,
modely.min = -30; model.y.max = 30; :
yi=Cx
% Stale constraints
modelx_min = [-30; -15: -15°pi/ 180: -1]; Umin = Uj = Umgx
model x.max = [30; 15; 15"pif180; 1];
__!""ml-.n i: ¥ 5 }"'ma:-;
% Penaliies in the cost funiction
e o e
model_y.penally = QuadFunction{100}; Xmin =X S x”m"'f
model.u.penalty = QuadFunction{l.1); , T i I
penaly (0.1) ! g1 =ty i=4{1,...,9} |

% Adjustment via input Mocking
model.uwith{"block™), model.u from = 1; modelufo = 9;

% Time varying reference signal
madeal y with{ reference’), model y.reference = 'Tree';

% Onlire MPC object
online_cird = MPCContraller] model, 9 )
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% Limear discrete-time predicticn model

model=LTISystern{'&’', A, ‘B, B, "C*, C);
ystamy FL_

% Input constraints T
model.u.min =-10; model.u.max = 10; -

% Cuwtput consiraints
model y.min = -30; model.y.max = 30;

% State constraints
modelxmin = [-30; -15; -15"pa180; -1];
model e max = [30; 15; 15%pif180; 1];

% Penslties in the cost funclion
modely.penalty = QuadFunction] 100);
model.u.penalty = QuadFunction(0.1};
% Adjustment via input blocking

% Time warying reference signal
modal_y. with{ reference’); model y.reference = free’;

Umin < U} = Lionay
¥min = ¥i = ¥max
Xemin = Xi S Mimaoe

model.u with( block’); model.u from = 1; modeludo = §;

% Cnline MPC object

onfine_ctrl = MPCController] maodel, 8 )

2 g
min Z 100fly; — w¢ll3 + 01| w3
i=(
8l X = x
(e 11 = Ax, + By,
yi=Cx

Uiri = Wy, F={1.Hg}

=

A
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% Linear discrete-time prediction model

madel=LTISystem({'A’, A, 'B', B, °C’, C});

%o Input constraints
madel u min = -10; model umax = 10; .

i
% Dutpuk constrainis K““HR
meodel y.min = -30; model.y.max = 30; . b ey
¥
% State constraints HH_
model.c.min = [-30; -15; -15"pi"180; -1]; = T
model w_max = [30; 15; 15"pif180; 11; e

% Penalties in the cost funclion
modely.penalty = QuadFunction{100);
model.u penalty = QuadFunchioni0.1};

% Adpustment via input blocking
model_u with{'block’). model.u.from = 1; modelu.to = 8;

% Time varyirg reference signal
model.y.with{'referance’), model.y.reference = ‘free’;

Py

% Oinline MPC object
online_cird = MPCController{ model, 8 §

LS

2
min > 100||y — yl5 + 0.1]| 3

(=0
o . S
Xig1 = Ax; + By
¥ =X
Umin = Uj = Umay

] ‘q\m"fmln E _F: E _'r"'mim
| X S X S Xmax
=ty i=1{l..

-9}

-

A
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Multi-Parametric Toolbox 3.0 Formulation

S

% Linear discrete-time prediction model

modal=LTISystam('A’, &, ‘B, B, 'C', C)k

% Input constraints
model.u.min = -10; model.umax = 10;

" Output constraints
maodely.min = -30; model.y.max = 34;

% Stale constraints
model e min = [-30; -15; -15*pi180; -17;
modelc.max = [30; 15; 15 pil180; 1];

% Pensalies in the cost function
modely.penalty = CuadFunction{100);
model.u penalty = QuadFunction{0.1};

% Adjustrment via input blocking _./"
model.u.with(block'); model.ufrom = 1; model.uto = 8,

% Time varying reference signal
rmadal y with{' reference’); model_y_refersnce = ‘frea’;

-

r={
Sl =

4
min Y 100)ly; — yell3 + 0.1 w3

Mgl = ij =t B.Ui'

¥y = CI i

Umin = Ui = Umay
FI'I'II!H E.}"J Eyrrrax

A i = Uy

593 |

~

=

% Online MPC object
online_ctd = MPCConfroller] model, 8 )
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Multi-Parametric Toolbox 3.0 Formulation

Gt 17,5400

% Linesar discrete-time prediction mode|

model=LTISystem{'A", A, 'B', B, 'C’, C)k

% Input constraints
model_u.min = -10; modelu.max = 10;

5 Dutput consiraints
model y.min = -30; model. y.max = 30,

% State constraints
rmeodelg.min = [-30; -15; -15"pi"180; -1];
modelx.max = [30; 15; 15%pir180; 1];

%o Penaliies in the cost funchon
modely.penalty = QuadFunction{100);
model_ u penalty = QuadFunction(0.1);

%o Adjustment via inpuf blocking
model.u.with('block'); model.u.from = 1; modeluto =

% Time varying reference signal
madely.with{' reference’); model y_reference = 'frea’:

%

i g
min Z 100[|y; — yell3 + 03] w113

=0

549}

-

-

~

% Online MPC object
online_ctd = MPCConiroller] model, 8 )
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Explicit Solution

S

4 Compute explicit solution
explicit_cirl = online_ctrl_toExplicit()

% Plot control law [primal solution)
explicit_ctrl optimizer fplot‘primal’)

% plot the objective function
explicit_cir.optimizer. fplot(obj")

% Plot controlter partition
explicit_cirloptimizer plot

Control input Value function

"

Controller partition
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Ball and Plate - Explicit Controller

m 4 states + 1 tracking variable = 5 parameters

m Move-blocking reduces complexity
m Horizon of 10
m Inputs 2-10 must be equal

i M

g
S (x.ye) = min Y 100[ly; — vil3 + 0.1 w3

=]

St pg=x
xip1 = Ax + Bu,
¥i =Cx

Urin < U S Umax

—

Ymin E Vi ":_:J"rma:

Uiy = i, f={1,..,,9} ]

Explicit solution (per dimension)

Regions : 529
Storage : 48"000 numbers
(192 kB)
Computation : 89’000 FLOPS
(™1ms)
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e | et us use the Mixed Logical Dynamical (MLD) representation

r(t+ 1) = Ax(t) + Byult) + Bad(t) + Bsz(t) + By
y(t) = Cx(t) + Dyu(t) + D2d(t) + Dyz(t) + Dy (9)
Ead(t) + Egz(t) < Equ(t) + Eqz(t) + Es

- 2(t) € B™ x {0,1}™, u(t) e R™ x {0,1}™

- y(t) € BPe x {0, 1}, &(t) € {0.1}7, z(t) € B

e Recall that MLD is equivalent to Piecewise affine system and Dynamical Hybrid

Automaton model.
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HO-Norm case:
ming, J{x(t), Uy) = i._u {]IQI;;]I:.: | R || ) (10)
subj. to. MLD (9)
e |ntroduce slack variables:
6 2 [Q@xe)s; d=1l....n k=1,..., N-—-1
e = |Qxk]|= er = —[Qxx]: i= n k=1, N—1
er = || Rukl< er = [Ruxli = m k=1,...,N—1
e > —[Ruk]i i=1 m k=1,...,1 N —1

e The problem reduces to an optimization problem of the following form:

N—1
min €L + €1
; 2 cktek (11)
subj. to GE< W + 5zx(t)
= {ff EN—11€Qre--s EN—13T0; -« -4 uy_y,dy,. -rﬁ.?'-.'—hah----ﬂ.'-.’—l}-




Explicit Hybrid MPC TS

¢ Problem (11) is a Mixed Integer Linear Programming (MILP) problem. J

e Explicit MPC solutions can also be computed offline using multiparametric

MILP (mp-MILP).

e Explicit Hybrid MPC: Accordingly to the properties of mp-MILP, the hybrid
MPC controller is piecewise affine

(Fiz(t) + gy if =(t) € partition 1
U{HIHH =9
kF_.”.r{t] + gne if z(t) € partition M

e The partition is polyhedral.

L
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& 2-norm case:
{min;;" J(z(t).Up) = 25 Qrzn + Y oy (rf Qzi + uj Rug) (12)
subj. to. MLD (9)
¢ This can be reduced to
{mﬁin €THE + 22()TF¢ + 2()TY (1) -
subj. to GE< W + Sz(t)
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¢ Explicit MPC: The optimal control law can be computed through
Multiparametric Mixed Integer Quadratic Programming (mp-MIQP).

¢ |t can be shown that optimizer function of mp-MIQP is still piecewise affine.

¢ Therefore, the explicit hybrid MPC controller is piecewise affine

rFlI{t} + 7 if =(t) € partition 1
Ug(z(f)) = 3 -
\ F_.”I{t:l' + gaq if I{t} € partition M

e However, for the 2-norm case, the partitions may not be polyhedral.

o
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O Explicit MPC: compute the explicit optimal control law p* oftline (the first
control law in the N-horizon optimal policy T* ). Applying this control law
repetitively online is equivalent to the standard MPC controller.

[ Main theoretical tool: multi-parametric programming.
| Explicit Linear MPC:

0 1-norm and c0-norm = mp-LP = piecewise affine control law with polyhedral
partitions

0 2-norm: mp-QP = piecewise affine control law with polyhedral partitions
M Explicit Hybrid MPC (with Mixed Logical Dynamical Systems):

O 1-norm and ©0-norm = mp-MILP = piecewise affine control law with polyhedral
partitions

0 2-norm: mp-MIQP = piecewise affine control law with non-polyhedral partitions
[ Very usetful software: Multi-Parametric Toolbox [Herceg2013]

[ M. Herceg et al.“Multi-Parametric Toolbox 3.0”.In Proc. of the European

Control Conference. http://control.ee.ethz.ch/~mpt. Zurich, Switzerland,
H 2013.




